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We study a mean field model for the dynamics of an interacting Bose-Einstein condensate in two
dimensional pseudo-relativistic materials. This model is relatively simple, but contains long-lived
solutions called oscillons which are absent in simple non-relativistic condensates. We report on a
variety of scenarios including interactions between pairs of oscillons and oscillons propagating across
an inhomogeneous material boundary. Hitherto relativistic oscillons have been studied only in high
energy physics and cosmology and their relevance has not been highlighted so far in condensed
matter physics.
I. INTRODUCTION
Many decades after the theoretical prediction of Bose
and Einstein, Bose-Einstein condensates (BECs) were
experimentally detected in laser-cooled, magnetically-
trapped ultracold bosonic atomic clouds1–3. More re-
cently, BECs have also been seen in fermionic atomic
gases as a result of fermions pairing into bosons12. An
interesting and widely studied example of fermions par-
ing are the excitonic bound states of electron and holes
in semiconductors. The possibility for semiconductor ex-
citons to undergo Bose-Einstein condensation has been
suggested long ago, at the beginning of the sixties5. As
the critical temperature for elementary boson conden-
sation scales as the inverse of the boson mass, it was
thought that exciton condensation could be obtained at
100 K or even at room temperature, the exciton mass
being much less than the free electron mass. The exper-
imental search for the condensed phase, however, turned
out to be challenging mostly due to the fact that exci-
tons are not an elementary but a composite boson with
a finite lifetime6. Despite these difficulties signatures
of exciton condensation have been reported in double
quantum wells7–10, microcavities11, graphene12 and tran-
sition metal dichalcogenoides13. It is known that exci-
tons and exciton-polaritons show a BEC-like insulating
phase, that has been the subject of promising theoreti-
cal and experimental investigation mainly in graphene-
like real14–16 and synthetic17 lattices as well as in topo-
logical insulators18. This BEC-like phase is particularly
interesting from an experimental and theoretical point
of view since it presents resents the crossover behaviour
from the Bardeen-Cooper-Schrieffer (BCS) limit to the
Bose-Einstein condensation limit. Recently exciton con-
densates with superfluids transport properties have been
observed in double bilayer graphene19 and Van der Waals
heterobilayers20. Due to the pseudo-relativistic behav-
ior of low energy quasiparticles in a honeycomb lattice
one may wonder what are the relevant properties of the
dynamics in the condensed phase. Moreover the rele-
vance of relativistic BECs has been recently pointed out
in gases with both electron and hole pairing. Relativity
comes into play as those two composite bosons form a
particle antiparticle pair3. The boson-boson interaction
in relativistic BECs could be potentially used to exper-
imentally mimic field theory in condensed matter. It is
also a promising system for analogue model of gravity21.
In this paper, starting from the dispersion of excitons
in Dirac-like materials, we derive and investigate a sim-
ple, but flexible mean field model that can describe the
dynamics of the condensed phase in different physical
scenarios. Central to this model is a relativistic gener-
alisation of the Gross-Pitaevskii equation (GPE), i.e a
nonlinear Klein-Gordon equation. In Section II we de-
rive the exciton dispersion relation, using a two particle
model. In section III we study the condensate phase of
the exciton and derive the mean field model. In Sec-
tion IV we investigate the properties of a non-stationary,
but localised solution of the model, known as an oscillon.
In Sections V and VI we study the oscillon dynamics
in more complicated scenarios: when they interact with
each other and with a localized defect, and, when two
materials with different energy gap are in contact. Un-
til now the oscillon solutions of relativistic field theories
have been studied only in high energy physics and cos-
mology, in particular for self-interacting scalar fields and
in the SU(2) Higgs model22. Oscillon solutions exist also
in non-relativistic BECs, but their mathematical struc-
ture is different. In such systems, in order to stabilise
oscillating solutions, one needs either consider coupled
equations, or apply some sort of external perturbation.
A discussion of non-relativistic oscillon solutions in BECs
can be found in23,24. In these papers the authors consider
coupled BECs23 and a system confined in a trap with
oscillating walls24. Oscillons in nonlinear and paramet-
rically driven systems have been studied and experimen-
tally observed in fluids such us granular media25, New-
tonian fluids26 and colloidal suspensions27. The forma-
tion and interaction of oscillons have been the subject of
several theoretical, numerical, and experimental studies.
However, a number of open problems remains, mostly re-
lated to their stability and to the transition between ra-
diative and non-radiative oscillons. Recent papers study-
ing parametrically driven systems in one dimension fo-
cussed on the transition between localised structures to
breathing localised states28,29. In two dimensions oscillon
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2instabilities have been numerically studied in magnetic
systems30 and in the parametrically driven damped sine-
Gordon equation31.
II. EXCITON DISPERSION IN DIRAC
MATERIALS
The Hamiltonian describing the low energy behavior
of Dirac quasi-particles around one K point of the recip-
rocal honeycomb lattice reads
H1 =
(
∆/2 vpeiθ
vpe−iθ −∆/2
)
, (1)
where ∆ is the energy gap and v the Fermi velocity,
p = ~k the modulus of the electron momentum and
θ = arctan(py/px). Such dispersion is appropriate to
describe low energy electrons in gapped graphene and,
with certain limitations, transition metal dichalcogenides
(TMDs). Assuming zero center of mass momentum for
excited e − h pairs, the two particle Hamiltonian, with-
out Coulomb interaction is given by the tensor product
H2 = H1⊗I2−I2⊗ (TH1T−1), with I2 the 2×2 identity
matrix and T the time reversal operator. It reads
H2 =

0 vpeiθ vpe−iθ 0
vpe−iθ ∆ 0 vpe−iθ
vpeiθ 0 −∆ vpeiθ
0 vpeiθ vpe−iθ 0
 , (2)
and this matrix has four eigenvalues: ±2√v2p2 + ∆2/4
and a doubly degenerate zero eigenvalue15. The zero-
energy eigenstates correspond to the cases when the sys-
tem has a single electron or a hole with its complementary
particle in the negative energy sea15,32.
III. CONDENSATE STATES OF EXCITONS
To study condensed phases in a Dirac material, the
Hamiltonian in equation (2) needs to be modified to
include Coulomb interactions15. They can be intro-
duced by deriving a set of renormalised Dirac-Bloch
equation16,33–36. When electrons and holes have the
same mass, the Hamiltonian in equation (2) can be block
diagonalised32. We set up the bands in such a way that
zero energy is located half way between their extrema.
This results in a reduced electron-hole Hamiltonian15
HE =
(
∆/2 vqeiθq
vqe−iθq −∆/2
)
. (3)
where q = |q| is the modulus of the exciton’s momentum
in the centre of mass frame and θq the related angle
15.
After introducing Coulomb interaction the eigenvalue
problem for the Hamiltonian HE can be solved analyti-
cally giving the exciton energies and wave-functions36,37.
The energy levels of the exciton series are given by
En,j =
∆√
1 +
α2c
(n+γ)2
, (4)
where n is the principal quantum number and γ =√
j2 − α2c with j = m + 1/2 being the eigenvalue of the
pseudospin-angular momentum. The constant αc is the
dimensionless Coulomb coupling strength and the spinor
wavefunction is of the form
~Ψn,j(q) =
(
ϕn,j(q)
±iχn,j(q)
)
. (5)
From equation (4) we can observe that if the coupling
constant exceeds the critical value (αc =
1
2 ), the ground
state energy becomes imaginary and a phase transition
to an excitonic insulator occurs16. The excitonic insu-
lator state is a BCS-like condensate of excitons that can
show a BCS-BEC crossover at low density38. It can be re-
garded as a coherent superposition of the non-interacting
ground-state and all exciton states with vanishing real
part of the lowest energy level E0, 12
16. This state is more
complicated than a normal BEC since at strong Coulomb
coupling the quasiparticle picture becomes less accurate
and many-body theory may be needed. A description of
this state at the mean field level at low density is pre-
sented in Ref. 39. In what follows we focus on the low
Coulomb interaction regime αc < 1/2 where the use of
the excitonic limit is more appropriate. In this regime
the ground state for the excitons is the normal 1s state
and the system can undergo a phase transition to a BEC
state when cooled below a critical temperature Tc. For
exciton systems this temperature can be around 100 K
or higher6. A detailed description of the macroscopic
coherent ground state of an exciton condensate is given
in chapter 2 of Ref. 47. We shall now derive the mean
field model that describes the dynamics of the conden-
sate state. We consider X0-type excitons only, with spin
and pseudo-spin both equal to zero.
In the low density limit the system can be seen as
a weakly interacting Bose gas of excitons. The non-
interacting, first quantised, Hamiltonian of a pseudo-
relativistic gas of bosons reads
H0 =
√
~2v2kˆ2 +m2v4, (6)
where kˆ is the momentum operator and m =
~2(d2Ek)/dk2)−1 = ∆/(4v2) is the exciton effective mass
with Ek being the exciton dispersion. In relativistic quan-
tum mechanics Dirac proved the equivalence between the
ill defined operator H0 and Hamiltonian HE for spin-1/2
massive particles. The same equivalence can be estab-
lished also for scalar particles by regarding the scalar
wave-field as a doublet. A detailed explanation of this
can be found in section four of Ref. 41.
To simplify our treatment we approximate the exciton-
exciton interaction with a hard sphere potential43,47,
U(|r− r′|) = N 4pi~
2
mLeff
aBδ(r− r′), (7)
3where aB is the 1s exciton Bohr radius, Leff the effec-
tive thickness of the monolayer and N the number of
particles. The use of this approximation for the inter-
action potential is justified within the low density limit
(nexa
2
B  1). In other words since the excitons are
neutral, when the density is low enough to ignore the
fermionic nature of the electron-hole pairs, one can as-
sume that the range of interactions is of the order of the
exciton Bohr radius.
Within this approximation we can compute the field
Hamiltonian from H0 and the interacting potential in
equation (7). We define first the exciton creation oper-
ator, in one of the two equivalent K-points, using the
spinor in equation (5)
cˆ†k =
∑
q
(ϕ(q) + iχ(q))aˆ†k+qbˆ
†
k−q, (8)
where {aˆ†k, bˆ†k, aˆk, bˆk} are ladder operator for electrons
and holes. More details on the definition of the exciton
operator are given in Appendix A. We drop the (n, j)
indices since we are considering condensed excitons in the
ground state. The field operator for this type of pseudo-
relativistic scalar excitons is written as
φˆ(r, t) =
1√
A
∑
k
1√Ek
(cˆke
−i(k·r−ωkt) + cˆ†ke
i(k·r−ωkt)),
(9)
where A the area of the layer. We can now use this field
operator and equations (6) and (7) to compute the field
Hamiltonian as
H(φˆ) =
∫
d2r φˆ(r)
(
i~
∂
∂t
−H0
)2
φˆ(r)
+
∫
d2r d2r′ φˆ(r)φˆ(r′)U(|r− r′|) φˆ(r)φˆ(r′),
(10)
where we have squared the linear term, a standard proce-
dure in high energy physics to derive the Klein-Gordon
Hamiltonian from the pseudo-differential operator H0.
After some algebra we obtain a pseudo-relativistic gen-
eralisation of the GPE21,
H(φˆ) =
1
2
∫
d2r
[
~2φˆ2t + ~2v2(∇φˆ)2 +m2v4φˆ2 + 2U0φˆ4
]
.
(11)
Here U0 = N4pi~2mv4aB/Leff , and this nonlinear cou-
pling constant has dimensions of energy cubed × area.
The Hamiltonian in equation (11) is Lorentz invariant
with velocity v, the Fermi velocity of the carriers. The
mismatch between the Fermi velocity and the speed of
light will break the Lorentz invariance when the system
is coupled with an external electromagnetic field. We
should expect the same symmetry breaking, at high den-
sity, beyond the validity of the excitonic limit. In this
case the Fermi nature of electrons and holes is relevant
and the dipole interaction would again break Lorentz in-
variance. Hamiltonians in equations (1) and (3) are first
order in the low momentum (k · p) expansion around
the K−point. It is worth to stress here that higher or-
der terms, such as trigonal warping and electron-hole
asymmetry, can break Lorentz invarianceciteneto. It has
been shown, however, that these distortions of the band
structure are negligible in graphene and many graphene-
like systems thus the Dirac quasi-particle picture is ap-
propriate in many realistic situations. This makes the
derivation of equation (11) consistent with real world
experiments42.
In terms of ladder operators the Hamiltonian in equation
(11) can be written as (see Appendix B),
H =
∑
k
Ek cˆ†kcˆk+
U0
2A
∑
klp
1√EkElEl+pEk−p cˆ†kcˆ†l cˆl+pcˆk−p,
(12)
where the second term is the standard four field inter-
action commonly used to model the condensed phase of
an interacting gas of excitons in the structureless par-
ticle approximation47, namely when we can neglect the
fermionic nature of the electron-hole pairs. The energy
dependent pre-factor comes from the normalisation of the
exciton scalar field. When the bosons are in a conden-
sate state, it is then possible to describe the dynamics
of the condensate at the mean-field level by performing
the substitution φˆ(r, t)→ φ(r, t): the order parameter φ
satisfies then the classical equation
φ− µ2φ− U˜0φ3 = 0, (13)
with µ = mv/~, U˜0 = U0/~2v2 and we adopted the stan-
dard definition for the flat space box operator
 = − 1
v2
∂2t +∇2, (14)
with the Fermi velocity v. Equation (13), in 2 + 1-
dimensions has non-stationary localised solutions called
oscillons22,44–46. Oscillons are metastable solutions
with a very long lifetime that depends critically on
the initial condition44–46. The longevity of the os-
cillon lifetime has been extensively reported in many
numerical studies22,44,46 along with their soliton-like
properties44,45. In the following sections we shall re-
view some of these properties and explore further as-
pects of these solutions. Before proceeding to the so-
lution of equation (13) we shall give a brief summary on
its validity. Being a generalisation of the GPE, equa-
tion (13) retains its limitations, the exciton-exciton four
fields interaction is valid either in the diluted regime in
consideration here, or in the opposite limit (high den-
sity) when the coupling is very weak U0 ≈ 1/N , where
N  1 is the number of excitons. Moreover this formula-
tion holds when finite temperature effects are negligible.
We note that a finite temperature may be included in the
mean field picture with a simple modification of equation
(11)47.
4IV. OSCILLONS IN RELATIVISTIC BECS
In this section we first review the emergence of oscillons
in the NLKE in equation (13)44–46. We then discuss the
relation between the dispersion term and the oscillon’s
formation. To do so we introduce a system of scaled
space and time variables given by
ξ =
x
x0
, η =
y
y0
, τ =
t∆
~
, (15)
and define r0 =
√
x20 + y
2
0 . x0 and y0 are chosen ap-
propriately for the initial conditions of the problem and
for our purposes we always choose x0 = y0. In these
variables equation (13) reads
∂2τψ − β(∂2ξ + ∂2η)ψ + ψ + ψ3 = 0, (16)
where β = 8[~v/(r0 ∆)]2, and the dimensionless field
ψ(ξ, η, τ) is defined as
ψ = 4~v
√
NpiaB
Leff ∆
φ. (17)
Equation (16) has been solved using both a pseudo-
spectral implicit method and a finite difference leapfrog
algorithm44. In what follows we present the results for
a gapped graphene sample ∆ = 0.2 eV, v = c/300 and
β = 1, which implies r0 = 9.3 nm. Figure 1 shows the
dynamics of the modulus square of the field ψ when the
initial state comprises a uniform condensate background
with a gaussian shaped hole at the origin, i.e.
ψ(ξ, η) = A0
(
1− e− ξ
2+η2
σ2
)
, (18)
with A0 = 1 and σ = 2.86 which is chosen so that the
oscillon solution is maximally metastable44,45, i.e. it has
the maximal lifetime. This means that in this configu-
ration the nonlinearity best compensates the dispersion.
We note that a satisfactory explanation for the metasta-
bility of oscillon solutions is still missing. There is not
an obvious relation between the long lifetime of the oscil-
lon and the symmetries of the Hamiltonian. This is due
to the fact that the NLKGE is not integrable and thus
there is no direct link between its solutions and conser-
vation laws. However we know that in non-relativistic
systems localised solution with periodic oscillations are
not attractors of the dynamic unless one considers more
complicated systems23,24, as we have mentioned in the
introduction. This suggests that the pseudo-relativistic
nature of the Hamiltonian plays an important role in the
formation of the long-living oscillon. There have been
attempts in the literature to relate the long lifetime with
adiabatic invariance, but this approach just takes into ac-
count very weak nonlinearities48. It was also proposed,
but without a rigorous proof, that a Lyapunov exponent
governs the power law of the oscillon lifetime46.
FIG. 1: Dynamics of the modulus square of the field, in
time, after subtracting the background. (a) The initial os-
cillon state, (b) the first collapse, (c) and (d) the first revival.
The first snapshot is at τ = 24 after the initial transient has
quenched.
In figure 1 we show the dynamics of the square modu-
lus of the oscillon field, after subtracting the background
(A0), we can see after one period the original peak is
fully recovered. These oscillating dynamics are quite re-
silient, as we can see in figure 2(a), even if it suffers from
a weak breathing effect due to the non-integrability of
the system. This is in agreement with previous results
in the literature44–46. In contrast in figure 2(b) we can
see the propagation of a dispersive solution (A0 = 1 and
σ = 1). Our numerical simulations, as well as previ-
ous results44–46, show that the lifetime of the solution
depends critically on the initial condition and it is de-
termined by the standard deviation σ of the gaussian
ansatz. A deeper understanding of why for specific val-
ues of σ the dynamics evolves into an oscillon, would
come from a rigorous exploration of the metastability of
these solutions.
It is interesting to study the effect of the dispersion
on the dynamics of the oscillon, by varying the width of
the initial gaussian hole. In figure 3 we can see how the
dispersion mostly affects the early stage of the dynamics.
When we increase r0 the dispersion term becomes less
important and the formation of the oscillon is consider-
ably delayed, as we can clearly see from figure 3(b) and
3(c). In figure 3(d) the dynamics completely changes,
as the dispersion becomes completely negligible, and the
field at (0, 0) oscillates only slightly around the minimum
(ψ = 0) - note the axis scale change. The oscillations of
the background instead are driven by the amplitude of
the field only, as expected in the strong nonlinear limit
5FIG. 2: (a) Oscillon field in time domain at (ξ, η) = (0, 0) for
A0 = 1 and σ = 2.86. (b) Dispersive solution at (ξ, η) = (0, 0)
for A0 = 1 and σ = 1.
FIG. 3: Early stage dynamics of the oscillon field at (ξ, η) =
(0, 0) for decreasingly dispersive (increasing r0 hence decreas-
ing β) cases. (a) r0 = 9.3 nm (hence β = 1), (b) r0 = 29.4 nm
(β = 10−1), (c) r0 = 93.2 nm (β = 10−2), (d) r0 = 29.4µm
(β = 10−7).
(see figure 4).
In figure 4 we can see that the oscillon’s frequency
increases with the strength of the initial field, that also
defines the strength of the nonlinearity. This is a well
known nonlinear effect called self-phase modulation.
To inform experimental considerations of this system,
it is important to estimate some relevant physical quanti-
ties. The period of the oscillon is particularly significant
because excitons are not simple bosons but composite
quasi-particles with a finite lifetime and a period longer
then that would be impossible to observe. This quantity
can be computed from figure 1 and the scaling relation
equation (15), we get T = 20 fs that is well below the
exciton lifetime in two dimensional materials that is of
the order of few picoseconds up to 150 ps49. Our model
relies on the assumption of the low density limit regime,
thus, an important quantity is the exciton density. From
the interaction strength U0 we can calculate the density
FIG. 4: (a) Dynamics of the oscillon for two condensate den-
sities A0 = 1 (blue), A0 = 2 (orange) (b) Oscillations of the
background for the dispersionless equation again for A0 = 1
(blue), A0 = 2 (orange).
for an oscillon with initial amplitude A0 = 1 and radius
r0 = 9.3 nm, as nex = 3.16×1011 cm−2 which, combined
with the exciton Bohr radius, gives nexa
2
B = 0.16 con-
firming the low density requirement is met. In particular
for a system with a 0.2 eV gap and Coulomb coupling
constant αc = 0.47 we have a 1s state binding energy
b = 0.07 eV and Bohr radius aB = 6.68 nm.
V. OSCILLON INTERACTIONS
In nonlinear partial differential equations such as equa-
tion (16) specific behaviours arise from the subtle inter-
play between nonlinearity and dispersion. In most case
this is a matter of the specific numbers involved and
in this section and the next we illustrate two scenarios
namely oscillon collisions and the effect of heterostruc-
tures on oscillons. The underlying physics in both cases
is essentially the same as is explained as in the first sec-
tions on oscillon physics.
We review first the collision of two identical oscillons44
moving along the diagonal then we study the interaction
between the oscillon and a defect. In the case of collision
the initial state reads
ψ(ξ, η) = A0
(
2− e− (ξ−ξ0)
2+(η−η0)2
σ2 − e− (ξ−ξ1)
2+(η−η1)2
σ2
)
.
(19)
As shown in figure 5 the soliton-like behaviour of the
solution is preserved after the collision. It is also inter-
esting to see how the oscillons interact with a defect of
the condensate. This can be simulated by adding a loss
term, proportional to the first time-derivative of the field.
Equation (16) is modified as follows
∂2τψ − β(∂2ξ + ∂2η)ψ + ψ + ψ3 + Γ(ξ, η) ∂τψ = 0, (20)
and we consider a gaussian defect of the form51
Γ(ξ, η) = Γ0 exp
(
− (ξ − ξd)
2 − (η − ηd)2
σ2d
)
, (21)
where Γ0 is the strength of the damping and {ξd, ηd}
the coordinates of the defect. In figure 6 we observe that
6FIG. 5: Scattering of two oscillons of initial amplitude A0 =
1, σ = 2.86 and initial speed v˜0 = 0.5. (a) Initial state of the
oscillon (b) separation of positive and negative energies, (c)
collision time, (d) final state after collision. Here with ψ˜ we
indicate the field after subtracting the background.
FIG. 6: Interaction of a single oscillon with a gaussian shaped
defect located at (ξ, η) = (0, 0) and Γ0 = 50, σd = 10
−2.
(a) Early stage of the dynamics: separation of positive and
negative energies. (b) Interaction with the defect, (c) and (d)
late stage of the dynamics. The inset in (a) is the initial state
of the oscillon A0 = 1 and v˜0 = 0.5.
the oscillon is resilient even to non-perturbative damping
(Γ0  1).
The scaled initial speed v˜0 we used in in this section
corresponds to a velocity v0 = 0.5 v. Solitons with a
velocity close to the local speed of sound are known to
be experimentally more stable and easier to produce in
atomic non-relativistic systems. This would be a very
interesting aspect to study experimentally in pseudo-
relativistic materials where the role of the local speed
of sound is played by the Fermi velocity v. Recently it
has been proposed an experiment with controllable near-
zero soliton velocity in atomic BEC50. It would be very
interesting, ideally with a set up that is able to control
the oscillon velocity, to study both the low-velocity and
in principle also the ultra-relativistic limit v0 = v.
VI. CONDENSATES IN HETEROLAYERS
We now investigate BECs spanning two connected
Dirac material slabs with different energy gaps (∆1 and
∆2) requiring an adapted version of equation (16). To do
so we introduce a scaled time as τ = t∆1/~. This leads
to a dimensionless equation that has the same form as
equation (16) on the side with energy gap ∆1 and mass
m1 = ∆1/4v
2, and that depends on the ratio between
two different energy gaps ∆2/∆1 = m2/m1 on the other
side:
∂2τψ − β(∂2ξ + ∂2η)ψ + γ2(ξ)ψ + γ(ξ)ψ3 = 0
ψ(ξ, η, 0) = ψ0(ξ, η)
(22)
where β = 8[~v/(r0 ∆1)]2 and the scaled field ψ is defined
as in equation (17) with ∆ = ∆1. The space dependent
coefficient γ(ξ) is defined as follows{
γ(ξ) = 1 ξ < 0,
γ(ξ) = ∆2∆1 ξ > 0.
(23)
We take first the simplest case of a constant background,
ψ0(ξ, η) = ψ0. As we can see from figure 7, travelling
waves are generated by scattering at the boundary be-
tween the two layers and propagate throughout the two
sides of the condensate. The dynamics of these waves is
straightforwardly understood using a multiple scale per-
turbative analysis of equation (22) limited to one side
of the heterolayer (See Appendix C for details). In fig-
ure 8 we show the motion of an oscillon located initially
in the condensate with energy gap ∆1. The stability
of the oscillon dynamics in not particularly influenced
by the presence of the second condensate after the split-
ting of positive and negative energies. The oscillon moves
through the second condensate and starts oscillating with
a higher frequency proportional to the second gap ∆2 as
we show in figure 9. From figure 9 we can compute the
frequency (in eV) of the first harmonics of the oscillons on
both sides of the condensate. We get ω1 = 0.041 eV and
ω2 = 0.068 eV. Those values are significantly lower than
the two energy gap (∆1 and ∆2) in the two sides of the
heterolayer, this is because we are studying the dynamics
of the system at a relatively early stage, between τ = 10
and τ = 200, when the combined effect of the dispersion
and the nonlinearity is still strong. For long time propa-
gation the value of the frequency approaches the one of
7FIG. 7: Motion of travelling waves in two condensates with
∆1 = 0.2 eV and ∆2 = 0.3 eV and constant background,
ψ0(ξ, η) = 1.
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FIG. 8: Motion of an oscillon between two condensates with
∆1 = 0.2 eV and ∆2 = 0.3 eV. The initial state ψ0(ξ, η)
is a gaussian well of the form equation (18) located at
(ξ, η) = (−2,−2) with A0 = 1 and σ = 2.86. The se-
quence of snapshots, from left to right in each row, is: τ =
0.2, 2.3, 4.4, 6.7, 9, 11.2, 13.5, 15.7, 18.
the energy gap and the system behaves like a harmonic
oscillator44. In the inset we can observe the generation
of third harmonics in the spectrum of the bosonic field
as expected from a system with third order nonlinearity.
This effect is clearly not specifically related to the het-
erolayer structure studied in this section and would be
present also in the spectrum of time series in figures 2, 3
and 4.
FIG. 9: Oscillon spectrum on both sides of the heterolayer,
ξ < 0 (blue, lower frequency peak), ξ > 0 (grey, higher fre-
quency peak). Ω is a dimensionless frequency related to the
inverse of τ . Inset: third harmonic generation.
VII. CONCLUSIONS
In this paper we derived a simple mean field model
to investigate the dynamics of Bose Einstein condensates
for quasi-particle with pseudo-relativistic low energy dis-
persion. This approach is based on a generalisation of
the Gross-Pitaevskii equation. We applied this model
to the exciton dispersion of gapped Dirac material, such
as doped or strained graphene and TMDs. We remark,
however, that the interest of this model is not limited
to these materials but could be applied to other physical
systems. Magnons in TlCuCl3
52, for example, have been
proven to show a BEC phase with a relativistic dispersion
relation. It could be also be generalised by including the
polarisation degree of freedom, to exciton-polariton con-
densates in synthetic honeycomb-like photonic lattices.
We studied the properties of a non-stationary, but lo-
calised solution of the model, known as an oscillon. We
detailed the dynamics of the two oscillons interaction and
proved that this solution is also resilient to the interac-
tion with impurities of the background. Until now the
relevance of oscillon solutions of relativistic field theories
has been highlighted only in high energy physics in both
2+1 and 3+1 dimension and they have not been con-
sidered in condensed matter physics. It is important to
note that the oscillon solutions we have discussed in this
paper are not allowed in a simple non-relativistic BECs
because the Gross-Pitaevskii is first order in time. They
are tightly related to the pseudo-relativistic dispersion of
Dirac quasiparticles. As we mentioned in the introduc-
tion oscillons of a different mathematical structure can
be found in coupled non relativistic systems or in cavi-
8ties with oscillating walls. Materials that show a BEC
phase with pseudo-relativistic dispersion relation could
represent an interesting optical analogue platform to ex-
perimentally mimic field theories.
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Appendix A: Wannier equation and the exciton
operator
In this appendix we give more details on the Wannier
equation for excitons in pseudo-relativistic materials. As-
suming the non-interacting ground state, the linear re-
sponse Dirac-Bloch equation for the polarisation Pk is
given by16,33–36
i~P˙k = 2(k +
1
2
∑
k′
Vkk′)Pk − ~ΩR(t), (24)
where k is the electron and hole pseudo-relativistic dis-
persion and ΩR(t) is the Coulomb-renormalised Rabi fre-
quency. The related Wannier equation (electron-hole
Coulomb problem) reads15,16,53
2kun,j(k) +
∑
k′
Vkk′un,j(k) = En,jun,j(k), (25)
this equation corresponds to the k-space representation
of the Dirac-Coulomb problem15,16,37,53
(2~vσ · k + ∆σz + V (r))~Ψnj(r) = En,j ~Ψnj(r), (26)
where ~Ψnj(r) is a two components spinor. Equations (25)
and (26) have in principle both positive and negative en-
ergy solutions. When we consider X0 paraexcitons they
are simply the complex conjugate of each other. The
positive energy solutions of equation (25) are given by16
uj(k) = ϕj(k) + iχj(k), (27)
where ϕj(k) and iχj(k) are the spinor components in k-
space, where we dropped the index n and we fixed the
psudospin-angular momentum j = ±1/2. The exciton
creation operator can be written as
cˆ†k =
∑
q,j
uj(q)aˆ
†
k+q,j bˆ
†
k−q,−j . (28)
Appendix B: The pseudo-relativistic Hamiltonian in
momentum space
In this second appendix we show how to relate the
pseudo-relativistic Hamiltonian in equation (11) with the
momentum space Hamiltonian in equation (12) of the
main text. It is easier to deal with the interacting and
non-interacting terms separately. We first rewrite the
linear Hamiltonian H0
H0 =
1
2
∫
d2r [~2φˆ2t + ~2v2(∇φˆ)2 +m2v4φˆ2], (29)
using the expansion in terms of exciton ladder operators
φˆ =
1√
A
∑
k
1√Ek
(cˆke
−i(k·r−ωkt) + cˆ†ke
i(k·r−ωkt)), (30)
substituting this expression in equation (29), after
lengthy but simple algebra54 we get
H0 =
∑
k
Ek cˆ†kcˆk. (31)
Let us now look at the interaction Hamiltonian
HI = U0
∫
d2r φˆ4. (32)
After normal ordering, HI contains the following generic
terms
(cˆk)
4, (cˆ†k)
4, cˆ†l cˆ
†
pcˆ
†
qcˆk, cˆ
†
kcˆlcˆpcˆq, cˆ
†
kcˆ
†
l cˆpcˆq, (33)
One can see that the first four terms of the
list above are associated with field components
[see equation (30)] that rotate as e−4i(k·r−ωkt),
e+4i(k·r−ωkt), ei(l+p+q−k)·r−i(ωl+ωp+ωq−ωk)t and
e−i(l+p+q−k)·r+i(ωl+ωp+ωq−ωk)t respectively. In these
terms, due to conservation of energy and momentum,
the exponents never vanish in scattering processes from
a hard field potential. It is thus clear that the fifth term
is in general the dominant one since the other terms
will be spatially and temporally averaged out during the
evolution of the condensate. We therefore retain only
the last term cˆ†kcˆ
†
l cˆpcˆq in the normal-ordered Hamilto-
nian (equation (32)). This procedure is standard, and
is conventionally used when treating non-relativistic
Hamiltonians47. Considering the fifth term only we ob-
tain the momentum conserving interaction Hamiltonian
in momentum space
HI =
U0
2A
∑
klp
1√EkElEl+pEk−p cˆ†kcˆ†l cˆl+pcˆk−p. (34)
Appendix C: Multiple scale perturbation theory for
the NLKGE
In this appendix, we introduce the multiple scale
method for the nonlinear Klein-Gordon equation to show
how the travelling waves propagates in a heterolayer con-
densate. For simplicity we limit our analysis on one side
of the condensate since the dynamics is the same on both
sides.
∂2τψ − (∂2ξ + ∂2η)ψ +m2ψ + ψ3 = 0, (35)
9with initial conditions
ψ(ξ, η, 0) = ψ0(ξ, η),
ψτ (ξ, η, 0) = ψ1(ξ, η),
(36)
we set a slow space-time scale ξ1 = ξ, η1 = η, and
τ1 = τ . We can now make the following ansatz of a
perturbation series for the solution
ψ(ξ, η, 0) =
∑
n
n+1Ψn(ξ, ξ1, η, η1, τ, τ1, τ2). (37)
Modifying the derivatives accordingly to the slow scale
transformations and inserting the ansatz, the wave equa-
tion (35), up to the second order, becomes (we will im-
plicitly assume that initial conditions must be met at
each order)
LKG(Ψ0)+2[LKG(Ψ1)−2Ψ0,τ1τ +2Ψ0,ξ1ξ]+O(3) = 0
(38)
where LKG = −m2 is the linear Klein-Gordon opera-
tor.
The order  gives LKG(Ψ0) = 0, that is solved by a func-
tion of the form
Ψ0(ξ, ξ1, η, η1, τ, τ1) = A(ξ1, η1, τ)e
i(kξξ+kηη−ωτ) + c.c.
(39)
with the dispersion relation ω(k) =
√
k2 +m2, k =
(kξ, kη). Proceeding to the following order we get
LKG(Ψ1) = 2i(ωAτ+kξ∂ξ1A+kη∂η1A)ei(kξξ+kηη−ωτ)+c.c.
(40)
this term has the same structure as the solution to the
homogeneous problem, it thus represents a secularity and
needs to be eliminated. This leads to the following con-
dition on the amplitude A(ξ1, η1, τ)
ωAτ + kξ∂ξ1A+ kη∂η1A = 0, (41)
and a solution of this equation is a unidirectional travel-
ling wave of the form A = A(ρ1−vτ1) where ρ1 = (ξ1, η1)
and v = (vξ, vη) is the group velocity vector. This ex-
plains the behaviour in figure 7 and 8 where we see uni-
directional waves propagating along the ξ direction only,
since the initial momentum along η is set to zero.
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